Abstract. Analytical Hartree-Fock gradients with respect to the cell parameter have been implemented in the electronic structure code CRYSTAL, for the case of three-dimensional periodicity. The code is based on Gaussian-type orbitals, and the summation of the Coulomb energy is performed with the Ewald method. It is shown that a high accuracy of the cell gradient can be achieved.
Introduction
Electronic structure codes are nowadays widely used by theoreticians and also by a growing number of experimentalists. One of the targets is the calculation of the total energy and the structural optimization of large systems. It is well known that this is greatly facilitated by the availability of analytical gradients, and thus the coding of gradients has become an important part of code development.
In the molecular case, the geometrical parameters that must be optimized are the nuclear coordinates. This field was pioneered by Pulay [1] ; however, it should be mentioned that the theory had already been derived earlier independently [2] . Meanwhile, numerous review articles about analytical derivatives have appeared [3, 4, 5, 6, 7, 8, 9] .
In the case of periodic systems, the cell dimensions are an additional set of parameters. Nowadays, nearly all solid-state codes compute the total energy with density functional methods. However, because of the success of hybrid functionals, which use an admixture of Fock exchange, there is growing interest in codes which compute the Fock exchange. CRYSTAL [10] was originally a code for pure Hartree-Fock calculations. In the past decade, density functional calculations for all types of functionals have become possible as well with this code.
The code is based on Gaussian-type orbitals, and most of the contributions to the total energy rely on the Hartree-Fock formulation. Therefore, the HartreeFock gradients with respect to the cell parameter were the first step to make gradients with respect to the cell parameter available. In this article, we report on the implementation of gradients at the Hartree-Fock level, with respect to the cell parameter, for systems periodic in three dimensions.
The first gradients with respect to the cell parameter, at the Hartree-Fock level, were for systems periodic in one dimension [11] . Meanwhile, various groups have implemented these gradients in one dimension [12, 13] or in two dimensions [14] . For the general case, a strategy to compute cell parameter derivatives (and thus the stress tensor) was suggested with point charges [15] and an algorithm for structural optimization, based on redundant internal coordinates was proposed [16] .
All these codes use a real space approach, where all the summations are performed in direct space. As an acceleration tool, the fast multipole method is applied in various cases. The cell parameter gradient is then obtained essentially by multiplying the contributions to the nuclear gradients with the appropriate factors.
In contrast, the CRYSTAL code uses, in the case of three-dimensional periodicity, the Ewald method, which is a combination of direct and reciprocal lattice summations [17] . This means, that besides some contributions which have to be multiplied with trivial factors, there will also be additional derivatives, because various parameters in the Ewald scheme, and the reciprocal lattice vectors, depend on the cell parameters. The HartreeFock gradients with respect to nuclear coordinates were implemented earlier [18, 19] , and after the implementation of a tool for structural optimization, it was demonstrated that an efficient geometry optimization of large systems with any periodicity can be performed [20] .
In this article, we describe the formalism used in the CRYSTAL code for the cell parameter gradients, and present results from tests on various systems. The article is structured as follows. First, the variables are defined. Then the integrals and their derivatives with respect to the cell parameters are discussed, and in the following section the derivative of the total energy is given. Finally, some examples are used as an illustration of the formalism.
Variables
The primitive cell is given by three vectors,ã 1 ,ã 2 andã 3 , and the derivatives with respect to the cell parameters a ij have been coded. a ij are defined in such a way that a 11 ¼ a 1x is the x-component ofã 1 , a 12 ¼ a 1y the ycomponent ofã 1 , and a 13 ¼ a 1z the z-component ofã 1 , i.e., 
A pointg of the direct lattice is defined as g ¼ n 1ã1 þ n 2ã2 þ n 3ã3 , with n 1 ; n 2 and n 3 being integer numbers. We assume we have N atoms in the unit cell. The position of an atom c in a cell at the origin (i.e., g ¼0) is given asÃ c ¼ f c;1ã1 þ f c;2ã2 þ f c;3ã3 , and then in cellg the position will bẽ
We have used an additional index, i.e., ng ;1 means factor n 1 of the lattice vectorg. The Cartesian t component (with t being x, y or z) of the vectorÃ c þg, indicated as A c;t þ g t , is thus
As all the integrals depend on the position of the nuclei, the derivatives of the nuclear coordinates with respect to the cell parameters are required:
with the Kronecker symbol d jt .
In the following, we use the notationÃ c to indicate the position of atom c. However, we also need to define basis functions / l centered at a certain nucleus, where l runs over all the basis functions. For example, basis functions l ¼ 1; :::; 5 might be centred at atom 1, basis functions l ¼ 6; :::; 15 at atom 2 and so on. It is thus trivial to assign a certain atom number c to the basis function l: c ¼ cðlÞ. We could thus use the notatioñ A cðlÞ , but will instead use the simplified notationÃ l . To avoid confusion, Greek indices are used in this case, i.e., A l ¼Ã cðlÞ ¼Ã c .
The basis functions used are real spherical Gaussiantype functions, and we will use the notation / l ðr ÀÃ l ÀgÞ. 
The spin-free density matrix in reciprocal space is defined as for the crystalline orbitals with up and down spin, respectively. We define the density matrices for spin up and spin down as follows:
and
In the following, P lm refers to the sum P " lm þ P # lm in the UHF case. The density matrices in real space, P l0mg ; P " l0mg ; and P # l0mg
, are obtained by Fourier transformation of the corresponding reciprocal space quantity.
Integrals and their derivatives

Nuclear-nuclear repulsion energy
The Ewald energy of the nuclear repulsion E NN is obtained as
with the nuclear charge Z a , and Uðr ÀÃ a Þ being the Ewald potential function U, as defined in Ref.
[22]:
